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Abstract 

In this paper, we prove that evry 3-dimensional manifold M is a (j)- 
recurrent Ai'(fc)-contact metric manifold if and only if it is flat. Then we 
classify the (^-recurrent contact metric manifolds of constant curvature. 
This implies that there exists no (^-recurrent A'^(fc)-contact metric mani- 
fold, which is neither symmetric nor locally 0-symmetric. 

Keywords: Constant curvature. Locally ^-symmetric, A'^(fc)-contact met- 
ric manifold, (/i-recurrentQ 

1 Introduction 

In 1872, S. Lie introduced the notion of contact transformation as a geometric 
tool to study systems of differential equations The theory of contact 

metric structures occupies one of the leading places in researches of modern dif- 
ferential geometry because of its several applications in mechanics, optics, phase 
space of a dynamical system, control theory and in the theory of geometrical 
quantization 

On the other hand, the internal contents of the theory of contact metric 
structures are rich and have close substantial interactions with other parts of 
geometry. For example, Sasakian manifolds play important role in contact ge- 
ometry. Indeed, the links between contact geometry and complex geometry are 
especially strong for Sasakian manifolds [3] [5] [7] ■ 

It is shown that, the only locally symmetric Sasakian manifolds are locally 
isometric to S'^"+^(l) and that the only locally symmetric contact metric man- 
ifolds are locally isometric to S'^"+^(l) or to E'^+^ x S'"(4) (see [3]). Certainly 
this can be regarded as saying that the idea of being locally symmetric is too 
strong. For this reason, this notion has been weakend by many geometers in 
different ways such as recurrent manifold by Walker |17| , semi symmetric man- 
ifold by Szabo [14 , pseudo-symmetric manifold by Chaki [B], and Deszcz [TU] 
and weakly symmetric manifold by Tammasy and Binh |16j . and Selberg |13| . 
As a weaker version of local symmetry, Takahashi introduced the notion of a 
locally (/>-symmetric space fl5'. Generalizing the notion of local 0-symmetry, 
De-Shaikh-Biswas introduced the notion of 0- recurrent Sasakian manifold [5]. 
Then in [S], De-Gazi studied 0-recurrent A^(fc)-contact metric manifolds and 
generalized the results of [9 . 
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In [5], De-Gazi proved that a S-dimensional c/i-recurrent iV(fc)-contact metric 
manifold is of constant curvature. Then they provided the existence of the (p- 
recurrent A^(fc)-contact metric manifold by means of an example which is neither 
symmetric nor locally 0-symmetric. 

This paper is arranged as follows. In Section 2, we present some basic con- 
cepts of the contact metric manifolds, Sasakian manifolds, locally 0-symmetric 
manifolds and (^-recurrent A'^(A:)-contact metric manifolds. In Section 3, we show 
that the example introduced by De-Gazi in [S] is not correct. Then, we prove 
that a 3-dimensional manifold M is (/)-recurrent 7V(fc)-contact metric manifold 
if and only if it is a flat manifold. In other words, we prove that there ex- 
ists no 3-dimensional 0-recurrent iV(fc)-contact metric manifold for k ^ Q. We 
also deduce that there exists no 3-dimensional 0-recurrent A'^(fc)-contact metric 
manifold which is neither symmetric nor locally 0-symmetric. All results in this 
section show that Theorem 4.1 in fSl is not correct. In Section 4, we show that 
for fc ^ 0, there is no (2n-l-l)-dimensional 0-recurrent A^(/c)-contact metric man- 
ifold of contact curvature. We also prove that there is no {2n + l)-dimensional 
0-recurrent contact metric manifold of contact curvature for n > 1. Finally we 
show that only, the flat 3-dimensional manifolds are ^-recurrent contact metric 
manifold of constant curvature. 

2 Contact Metric Manifolds 

In this section, we remark some fundamental materials about contact metric 
geometry. We refer to [3], [12 for further details. 

A (2n-|- l)-dimensional manifold M^"'+^ is said to be a contact manifold if it 
admits a global 1-form 77 such that 77 A [drf]^ ^ 0, everywhere. Given a contact 
form rj, there exists a unique vector field 5, the characteristic vector field, which 
satisfies ri{£) = 1 and (i?7(^, X) — for any vector field X. It is well known that, 
there exists an associated Riemannian metric g and a (1, l)-type tensor field (j) 
such that the following hold 

{i)ij{X)^g[X,0. {ii)dij{X,Y)=g(X,c^Y), [iii) 4>'' X = -X+i^{X)t {I) 

where X and Y are vector fields on M . By ([T|), it follows that 

(/.e = 0, r;o</, = 0, g{cj)X,,pY)=g{X,Y)~ij{X)ij{Y). 

A Riemannian manifold M equipped with the structure tensors (77, ^, 0, g) sat- 
isfying ll]) is said to be a contact metric manifold. 

Given a contact metric manifold Af, we define a (1, l)-tensor field h by 
h = ^£^(j), where £ denotes the Lie differentiation. Then the tensor h is 
symmetric and satisfies 

(i) = 0, (m) h(t> + (t>h^ 0, (Hi) VxC = -(t^X - (jyhX, (2) 
2{Vhxm = ~R{L X)Y - 4>R{^, X)(f>Y + (t>X)Y - R{C, cpX)<j>Y 

+ 2g{X + hX, Y)^ - 2ri{Y){X + hX), 

where V is the Levi-Civita connection and R is the Riemannian curvature tensor 
of M defined by following 

R{X,Y)Z ^Vx^yZ - z, yx,Y,z e x{M). 



2 



For a contact metric manifold Af , one may defines naturally an almost complex 
structure J on M x M as follows 

J(X,/|) = (</)X-/e,r;(X)|), 

where X is a vector field tangent to Af , t the coordinate on M and / a function 
on M X M. If the almost complex structure J is integrable, M is said to be 
normal or Sasakian. It is known that, a contact metric manifold M is normal 
if and only if M satisfies 

[4), (/)] + 2d77 ® ^ = 0, 

where [0, 0] is the Nijenhuis torsion of <f). It is also well known that a contact 
metric manifold M is Sasakian if and only if 

R{X, Y)i = 7^{Y)X - f^{X)Y, VX, Y G x{M). 

The fc-nuUity distribution N(k) of a Riemannian manifold M is defined by 

N{k) -.p — > Np{k) = |z G TpM : R{X.Y)Z = k[g{Y, Z)X - g{X., Z)Y]^ , 

where A; is a constant. If the characteristic vector field ^ belongs to N{k), then 
we call a contact metric manifold an 7V(A:)-contact metric manifold. U k — 1, 
then Ai"(A:)-contact metric manifold is Sasakian and if A: = 0, then iV(fc)-contact 
metric manifold is locally isometric to the product x 5" (4) for n > 1 and 

flat for n — 1 (see [3]). For a iV(fc)-contact metric manifold we have 

(i) RiX,Y)^^k[Tj{Y)X-Tj{X)Yi (m) 5(X,0-2nfc77(X), (3) 

where S is the Ricci tensor of Riemannian manifold {M,g) (see [S]). 

A contact metric manifold is said to be locally cf)- symmetric if the relation 

4>''iiVwR){X,Y)Z) = 0, 

holds for all vector fields X, Y, Z, W orthogonal to ^ [4]. This notion was 
introduced for Sasakian manifolds by Takahashi |15j . 

Definition 2.1. A contact metric manifold is said to be </)-recurrent if there 
exists a non-zero 1-form A such that 

4>\iVwR)iX,Y)Z)^A{W)RiX,Y)Z, (4) 

for all vector fields X, Y, Z, W. 

In the above definition, X, Y, Z, W are arbitrary vector fields and not nec- 
essarily orthogonal to ^. This notion was introduced for Sasakian manifolds by 
De, Shaikh and Biswas j9| and was introduced for Af(A;)-contact manifolds by 
De and Gazion [Sj. 

Remark 2.2. Flat manifolds are trivial examples of (/)-recurrent contact metric 
manifolds (locally (/)-symmetric manifolds), because for a fiat manifold we have 
R = and Vi? = 0. 
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3 3-dimensional 0-recurrent A^(/c)- contact met- 
ric manifolds 

In [S], De-Gazi presented the following example of 0-recurrent iV(fc)-contact 
metric manifold which is neither symmetric nor locally 0-symmetric. 

Example 3.1. We take the 3-dimensional manifold AI = {{x,y,z)\x ^ 0}, 
where {x,y,z) are the standard coordinates in M.^. Let Ei, E2, be linearly 
independent global frame on M given by 

^2d^^dAzd d ^ d 

Ei^- — , E2^2- +xy—, E3^—. 

X ay ox X ay oz oz 

Let g be the Riemannian metric defined by g{Ei,E^) — g{E2,E3) — g{Ei,E2) = 
and g{Ei,Ei) — g{E2,E2) = g{E^,E^) = 0. Let 77 be the 1-form defined by 
77(t/) = g{U,ES) for any U G x{M). Let (j) be the (1, 1) tensor field defined 
by (pEi = E2, <t>E2 = —El, ipEs = 0. Then using the linearity of (j) and g we 
have rjiEi) = 1, </>2(t/) = -U + t]{U)E^ and g{(j)U,(j)W) = g{U,W) - t]{U)t]{W) 
for any [/, £ x{M). Moreover hEi = -Ei, hE2 = £'2, hE^^ = 0. Thus for 
E3 = {(f>, Vi 9) defines a contact metric structure on M. Hence we have 
[Ei,E2] = 2E3 + -El, [Ei,E3] = 0, [E2,E2] = 2Ei. 

The Riemannian connection V of the metric g is given by 

2giyxY, Z) = XgiY, Z) + Yg{Z, X) ~ Zg{X, Y) 

- g{X, [Y, Z]) - g{Y, [X, Z]) + g{Z, [X, Y]). 

Taking E3 — and using the above formula for Riemannian metric g, it can be 
easily calculated that 

Vb,S3=0, Ve,E3 = 2Ei, Ve.Es^O, V^.^a = -^i 

X 

\/e;Ei = -2E3, \7e;E2 = 0, Vb,S2 = 0, Ve^Ei = --E2. (5) 

X 

From the above it can be easily seen that {<j>, f , 77, g) is a 7V(fc)-contact metric 
manifold with k ~ ^ 0. 

Now, we are going to show that the above example is not correct. By using 
(O, we get 

R{Ei, E2)E3 — V Ei'^ E2E3 — ^ E2^ E1E3 — y[Ei,E.2\E3 

= 2Ve,Ei - 2Ve,E3 - ^^E,E3 

^--E2. (6) 

X 

On the other hand, since ri{Ei) — g{Ei,E3) = and 'q{E2) = g{E2,E3) = 0, 
then we have 

R{Ei,E2)E3 = k{r){E2)Ei - j]{Ei)E2) = 0, (7) 
But ^ contradicts with ([7]). 

In [5], the authors proved the following theorem (See Theorem 4.1 in [5]). 
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Theorem 3.2. {^) Every S-dimensional (/)-recurrent A^(/c)-contact metric man- 
ifold is of constant curvature. 



On the other hand, Blair proved the following. 

Theorem 3.3. ([3]) A contact metric manifold M2"+i satisfying R{X, V)^ = 
is locally isometric to i?""*"^ x S'"(4) for n > 1 and flat for rt = 1. 

Remark 3.4. Using the above theorem, if fc = 0, then iV(fc)-contact metric 
manifold is flat. Thus according to Remark 12.21 it is easy to see that 
3-dimensional A'^(A:)-contact metric manifold M is (^-recurrent, symmetric and 
locally 0-synimetric. Therefore according to the Example 13. 11 it is deduced that 
the Theorem 13.21 is proved for k y^O. 

Here, we show that Theorem l3.2l (Theorem 4.1 in [5]) is not correct. At first, 
we prove the following theorem: 

Theorem 3.5. Every 3-dimensional manifold M is a (jj-recurrent N{k)-contact 
metric manifold if and only if it is a flat manifold. 

Proof. It is known that the Riemannian curvature of a 3-dimensional Rieman- 
nian manifold M satisfies in 

R{X, Y)Z = g{Y, Z)QX - g{X, Z)QY + S{Y, Z)X - S{X, Z)Y 

-v\{g{X,Z)Y -g[Y,Z)X\ (8) 

where Q is the Ricci operator, that is , g{QX, Y) = S{X, Y) and r is the scalar 
curvature of M. Now, let AI be a 3-dimensional 0-recurrent iV(fc)-contact metric 
manifold. Putting Z = in ^ and using (ii) of ^ and ri{(_) = 1, yields 

R{X, Y)C = (2fc - ^-MY)X - 77(A)r] + r](y)QA - viX)QY. (9) 

Part (i) of © and ^ give us 

(k - IMY)X - rj{X)Y] = v{X)QY - v{Y)QX. (10) 

By setting F = ^ in (fTU)) and using (ii) of Q, it follows that 

QX^i^~k)X + {3k-^)rjiX)^, (11) 

which gives us 

S{X, Y) = g{QX, Y) = {^- k)g{X, Y) + (3fc - ''-)ri{X)ri{Y). (12) 
Using ((ni), (US) and © we get 

R{X, Y)Z = (3fc - ^)[g(r, Z)7^{X)i - g{X, Z)7j(Y)^ + v{y)v{Z)X 

- v{X)r^{Z)Y] + (^ - 2k)[g{Y,Z)X-g{X,Z)Y]. (13) 
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By (Uni), we get 

{VwR)iX, Y)Z = VwR{X, Y)Z - R{VwX, Y)Z 

- R{X, VwY)Z - R{X, Y)VwZ 

= ^^[giY, Z)X g{X, Z)Y g{Y, Z)^{X)^ 
+ g[X, Z)i^{Y)i - v{Y)v{Z)X + f^{X)rj{Z)Y] 
+ {3k - ^MY, ZUX) - g{X, ZUY)]\7w^ 
+ {3k - ^MY)X - 7^{X)Y]{\7wvKZ) 
+ {3k - ^)[g{Y, Z)C - v{Z)Y] {Vwv) (X) 

- {3k - ^)[g{X, Z)^ - r^{Z)X]{Vwv){Y). (14) 

Now, let y be a non-zero vector field orthogonal to f and X = Z = Then 
from (in)) , we get 

{VwRm, Y)^ = -2(3fc - ^)(Vwr/)(Oi"- (15) 
Since ?7(^) = 1 and rj o (j) — 0^ then using part (iii) of ^ we obtain 

{"^wvm = W{ij{0) " r;(VwO = viW + <l>hW) = 0. (16) 

By plugging in ([15]), we have 

(Vv^i?)(e,F)^ = 0. (17) 

Since M is a ^-recurrent manifold, then there exists a non-zero 1-forni A such 
that satisfies in (|4]). Thus using ^ and (jl7p . we deduce that 

A(VF)i?(C, r)^ = 0. (18) 

As M is iV(fc)-contact metric manifold, then we have 

R{^,Y)^ = k[i^{Y)^-ij{OY]^~kY. (19) 

Setting (HI]) in ([TH]), implies that fcA(iy)y = which gives us = 0. Thus 
we have i?(X, F)^ = 0. Therefore, by using the Theorem 13.31 we can conclude 
that is a flat manifold. From Remark 13.41 the converse of the theorem is 
obvious. □ 

Using Remark 13.41 and the Theorem 13.51 we have the following. 

Corollary 3.6. There is no (p-recurrent N{k)-contact metric manifold with 
dimension 3, for fc ^ 0. 

From the above corollary we deduce 

Corollary 3.7. There is no 3-dimensional (p-recurrent Sasakian manifold. 

Using Remark [3.4l Theorem l3.5l and Corollarv l3.6l we conclude the following. 

Theorem 3.8. There is no 3-dimensional (p-recurrent N{k)-contact metric 
manifold which is neither symmetric nor locally (p-symmetric 

Therefore, by using Remark l3.4[ Corollarv l3 .61 and Theorem l3.8[ we conclude 
that Theorem 13.21 is not correct. 
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4 0-recurrent contact metric manifolds of con- 
stant curvature 



In this section, we show that the only flat manifolds of dimension 3 can be 
0-recurrent contact metric manifolds of constant curvature. For this work, we 
present a fact that shows Theorem l3. 21 (Theorem 4.1 in |8l) is not correct, again. 

Theorem 4.1. For k 0, there exists no {2n + 1)- dimensional (p-recurrent 
N{k)-contact metric manifold of constant curvature. 

Proof. Let be a 0-recurrent Af(A:)-contact metric manifold which has the 

constant curvature A. Then we have 

R{X, Y)Z = \{g{X, Z)Y - Z)X). (20) 

Setting Z = ^ in (1201) yields 

R{X, Y)i = \{7i{X)Y - v(Y)X). (21) 
Since M is A^(fc)-contact metric manifold, then we have 

R{X, r)e - k{r^{Y)X - v{X)Y). (22) 

(Plj) and (EH) give us 

k{Tj{Y)X - Tj{X)Y) - X{v{X)Y - v{Y)X). (23) 

Let X ~ and F be a non-zero vector field orthogonal to Then we have 
7y(y) = and T]{X) = 1. Thus from we deduce that 

-kY = XY, or X^-k^O. 

Thus by using (PO)) . we have 

RiX, Y)Z - -k{g{X, Z)Y - g{Y, Z)X). (24) 

By (121]), it follows that 

(Vvi/i?)(X, Y)Z = VwR{X, Y)Z - R{VwX, Y)Z - R{X, VwY)Z 

- RiX, Y)VwZ = -k[{Vw9(X, Z))Y + g{X, Z)VwY 

- {Vwg{Y, Z))X - .g(y, Z)VwX - g{VwX, Z)Y 
+ .g(y, Z)VwX - g(X, Z)WwY + g{VwY, Z)X 

- g{X,VwZ)Y + g{Y,WwZ)X] 

= -kmwg)ix, z))Y - {{^wg){Y, z))X] 

= 0. (25) 
Also from ([M)) . we get 

R{X,0^ = k[X-r^{X)£]. (26) 

Putting y = Z = ^ in dH) and using (j25p and (|26p imply that 

kA{W)[X -7^{X)S] = Q. (27) 

If X is a non-zero vector field orthogonal to ^, then (P7)l gives us fc^(W)X = 0, 
which is a contradiction to fc 7^ and A(W) 7^ 0. □ 
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In [3], Blair proved the following. 

Theorem 4.2. // a contact metric manifold M^"+^ is of constant curvature A 
and n > \, then A = 1 and the structure is Sasakian. 

Here, we are going to consider the same result for (/)-recurrent contact metric 
manifold. Then we prove the following. 

Theorem 4.3. there exists no (2n+ 1) -dimensional <f)-recurrent contact metric 
manifold of constant curvature in which n > 1 . 

Proof. Let M be a (/)-recurrent contact metric manifold of constant curvature A 
with dimension 2n + 1, where n> 1. Considering Theorem 14. 21 we deduce that 
A = 1. Thus we have 

R{X,Y)Z = g{X,Z)Y - g{Y,Z)X. (28) 

Similar to proof of (^51 in Theorem 14.11 by (^5]) we get the following 

{VwR){X,Y)Z = {). (29) 

Let X — Z = ^ and F be a non-zero vector field orthogonal to ^. Then ([^5]) 
gives us 

R{^,Y)i = Y. (30) 
Since M is 0- recurrent, then by using (|3]), and (|5D|) we deduce that 

A{W)Y = 0. 

But this contradicts A{W) 7^ 0. □ 



Theorem 4.4. A 4>-recurrent contact manifold Afi is of constant curvature A 
if and only if X = 0. 

Proof. Let M be a 3-dimensional 0-recurrent contact manifold of constant cur- 
vature A. Then we have 

R{X, Y)Z = \(g{X, Z)Y - g{Y, Z)X). 

Since is 0-recurrent then similar to proof of Theorem l4.31 by using the above 
equation, we obtain AA(VF)K = 0, where A is a non zero 1-form and y is a non 
zero vector field on M. Thus we deduce that A = 0. According to Remarks 12.21 
and 13.41 the converse of the theorem is obvious. □ 



Theorems 14.31 and 14.41 give us the following. 

Corollary 4.5. The only flat 3-dimensional (p-recurrent contact metric mani- 
folds, are manifolds of constant curvature. 
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